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The assumption that the work done during a small plastic strain is a maximum as the yieldstress criterion is varied is shown to give rise to a connexion between the yield-stress and the strain-ratio relationship. The strain-ratio relationship is that which exists between the ratios of principal stress differences and the ratios of the corresponding strain differences. It is common to assume that this relationship is one of simple proportionality. Experiments, however, show that this assumption is not true in metals. The observed strain-ratio relation ship is used in conjunction with the assumption of maximum work during a given strain to calculate the criterion of yield. It is found that this is very close to, but not identical with, the Mises-Heneky criterion.
I n t r o d u c t io n
The three principal properties which define the plastic behaviour of an isotropic material and must be known or assumed before the solution of any problem in plastic flow can be attempted are: (а) The criterion of yield (Mises-Hencky, maximum stress difference, etc.).
(б) The relationship between the ratios of small strains parallel to the principal axes and the ratios of principal stress differences. This relationship may be called the strain-ratio relationship.
(c) The amount of strain hardening after yielding. When problems concerning small strains are considered it is frequently a good enough approximation to assume that there is no strain hardening, so that the criterion of yield is independent of the amount of small strain considered. On the other hand, both (a) and (6) must be known before any problems in which the stress depends on the strain can be solved. I t has usually been considered that (a) and (6) are quite unrelated, and from the purely mathematical point of view this is true. Problems are solvable mathe matically, for instance, if either the Mises-Hencky or the maximum-stress difference hypothesis is assumed in conjunction either with the strain-ratio relationship observed with viscous fluids or with other strain-ratio assumptions. When the physical nature of a plastic material is considered, however, it seems th at a certain relationship between (a) and (6) must exist. A relationship is here deduced using an assumption that the energy dissipation for a given strain is a maximum. The theoretical result is compared with available observations.
R e p r e s e n t a t i o n o f p l a s t ic it y c o n d i t i o n s (a) Criterion of yield
If <rx, cr2 and cr3 are the three principal stresses it may be assumed th at the yield criterion depends only on the stress differences cr2, <r2 -<r3, and is in dependent of the mean pressure p = -i(cr1 + cr2-|-a'3). results in terms of the three residual stresses which result from subtracting the mean pressure from the principal stress, so th at Oi = §0'1-£<r2-$<r3, etc., and + <r2 + <r3 = 0.
In these co-ordinates the Mises-Hencky criterion of yield is
and the maximum shear stress criterion is
where Y is the yield stress in direct tensile loading and <t1>cr2^o'3.
(4) (b) Strain-I t will be assumed th a t the compressibility of the material is unchanged when plastic flow sets in. If ex, e2, e3 are the principal strains (assumed venient to use the residual principal strains
because e'x + e2 + e3 = 0, so th at if ei^e2^e3> (7) all possible strain ratios have been considered when e'zje'x varies from -| to -2. In considering all possible relationships between stress ratios and strain ratios it is clear th at any one of them could be represented by a curve in a diagram with crzlar'1 as abscissa and ez/e'x as ordinate, the full range extending from -to -2 in each case. This diagram is unsymmetrical in the sense th a t if the yield is the same in compression as in tension the symmetrical diagram would show the compression part of the curve as similar to the part representing extension. The former extends from (Tg/o*! = -| to -1, while the latter extends from -1 to -2 ,so th at the diagram is unsymmetrical. To avoid this difficulty Lode (1926) introduced the symmetrical variables 2<To -<y\ -<To y =* 2 . 1 ; 3 or
The results of experiments on all possible combinations of cr*, o^, <7g, e^, ez can be represented on a square diagram (2) showing y as abscissa and v as ordinate and covering the range -1 </^< +1, -1 < v< +1. I t will be seen th at when is positive, e2is positive. This corresponds with cases where the residual principal strain which has the greatest absolute value is compressive; the point = + 1 for instance corre sponds with a uniaxial compressive load parallel to e'z. When e2 is negative the residual strain which has the greatest absolute value is positive and --1 corre sponds with uniaxial extension parallel to
In an isotropic medium the v curve must pass through the points y -v --1, y -v = 0, y -v -+1 . Otherwise no limitations on the form of the y, v curve are imposed by conside alone. The results of experiments in which complex stresses were produced in a tube (a) by simultaneous end-load and internal pressure (Lode 1926), and (6) by simultaneous end-load and torque are given in a paper (Taylor & Quinney 1931) by the present author and the late Mr H. Quinney. It was found th at with most of the metals used, namely, mild steel, decarburized mild steel, copper, nickel and aluminium, the y, v curve lies below the line when and are positive (i.e. y>v>0), and above this line when ya nd are negative soft metals like lead and cadmium this was still true, but the experimental y, v curves lie nearer to the line y = v h ments made with glass heated till it began to flow gave points lying very closely on the line y -v. This is to be^expected in view of the fact that y = v for viscous fluids.
Values of y and v found in experiments witfiannealed tubes of pure copper are given in columns 1 and 2 of table 1, and the corresponding values of (r'zja,' x = (y + 3 -3) are given in column 3. 
P o s s i b l e m a x im u m e n e r g y d i s s i p a t i o n a s s u m p t i o n
In a paper published recently (Hill, Lee & Tupper 1947) it is shown th at if the strain-ratio relationship expressed by the equation
holds, the work done during a given small strain is a maximum if the Mises-Hencky criterion of flow' applies. Since experiments with most metals reveal a marked di vergence from the ideal relationship (9), it is of interest to find out what criterion of flow would correspond with the maximum of work during a small strain when the experimentally observed relationship between ji and v is used instead of (9). The work done during a small strain is
or W = <rl(2ei + e ') + ... + <r'(ef + 2e'). (10) A stationary value of W for a given strain occurs when 2ei + e3 n n <kr[ e l+ 2 e '' [ ' I t has been seen th at experiments on the strain-ratio relationship give cr'3/(T'l in terms of e^/el, so that (11) will enable the criterion of yield to be determined by numerical integration. Alternatively, if the relationship between and (r' x is known by experiment, (11) gives directly the strain-ratio relationship. To determine the criterion of yield from the observed relationship between (T'3j(r[ and e'3/e (11) may be written
Taking the experimental value of e'3ile{ corresponding with each value of r 1, the 2 + (el/el) corresponding experimental value of (11) can be integrated, giving l + (2 can be found. Calling this y,
Expressed in terms of v, y 1 l-t-i' . Values of this for copper are given in column 4, 
Co m p a r is o n w it h o b s e r v e d c r it e r io n
The observations made with copper tubes subjected to combined end-load and torsion (Taylor & Quinney 1931) were carried out by first loading the tube till it stretched, say, 0-5 %.
If the longitudinal stress for this pure extension was Y the load was reduced to P -m Y (0 < m < 1) and torque applied till plastic flow occurred. It was found th at though the beginning of inelastic displacement was not easy to measure the torque at which steady plastic flow occurred was definite. The shear stress corresponding with this condition being S, the angle 6 between the axis of the tube and the axis of the greatest principal stress is given by 
The experimental pdints are plotted in figure 1 , where it will be seen th at the material behaves very nearly in accordance with the prediction based on the assumed stationary energy principle and the measured strain ratio relationship. Both the observed points and those calculated by the minimum energy relationship lie close to the Mises-Hencky line. 
